An algorithm, combining digital-image with spring network techniques, has been developed that enables computation of the elastic moduli of random two-dimensional multiphase composites. This algorithm is used to study the case of isotropic, randomly centered, overlapping circular inclusions in an isotropic elastic matrix. The results of the algorithm for the few-inclusion limit, as well as the case where both phases have the same shear moduli, agree well with the exact results for these two problems. The case where the two phases have the same Poisson's ratio, but different Young's moduli, is also studied, and it is shown that the effective medium theory developed by Thorpe and Sen agrees well with the numerical results. A surprising result is that the effective moduli of systems with nonoverlapping circular inclusions are almost identical with the overlapping inclusion case, up to an inclusion area fraction of 50%. Using the validated effective medium theory, we illustrate how the effective Poisson's ratio v behaves as a function of vo, the pure phase Poisson's ratio, and the stiffness ratio between the two components. Two distinct regions of behavior are found, defined by v. > Y* and v. < v*, where v* is approximately i for the geometry of this model.
INTRODUCTION
The problem of determining the effective linear elastic properties of random, multiphase composites is an old, difficult, and important problem, with applications in almost every area of materials technology. "Effective moduli" means the elastic moduli of the composite treated as a uniform whole.' Elastic composites are formed out of almost every kind of material, from straw in adobe bricks2 to Sic whiskers in alumina.3 Composites are also formed at a wide variety of length scales, from atomic dimensions in random alloys,4 to grain dimensions in ceramic and cement based materials,5 all the way up to the scale of tens and hundreds of meters in steel-reinforced concrete structures.6
Analytical techniques for tackling this problem have focused on: ( 1) effective medium theories (EMT's), ' which are approximate calculations of the effective moduli derived by homogenizing the random medium and (2) exact upper and lower bounds for the effective moduli. 8'9 There is of course a multitude of experimental measurements of effective moduli. It is, however, often difficult to compare experimental results with analytical formulas, since these formulas usually depend on specific assumptions about inclusion shape, bonding between phases, and the spatial distribution of inclusions, which are usually difficult to reliably duplicate in real materials. Therefore, there are a number of EMT's in the literature, with no rigorous way to distinguish among their validity. A way out of this difficulty is to use computer-generated composites, where the inclusion shape and geometry can be controlled, in conjunction with fast algorithms for calculating elastic properties.
One such algorithm would involve finite element methods lo which can handle arbitrary geometries. In this article,'a spring network algorithm, which can be thought of as a simple finite-element technique," is used to compute the elastic properties of two-dimensional (2-D) composites consisting of a matrix containing randomly overlapping circular inclusions, where both the matrix and inclusion phases are isotropic elastic materials. A composite microstructure is defined via a digital image, and then the elastic algorithm is used to compute the effective moduli. The term "microstructure" is used generically since, as was pointed out above, composite structures can be formed over a wide range of length scales. We first show that a specific EMT describes the numerical results quite accurately, and then use the EMT to predict the behavior of the model in material parameter regions that are not accessible to our numerical algorithm, or that would take excessive computer time to study.
II. ALGORITHMS
A. Structure Figure 1 shows a 42 X 42 pixel unit cell that is used to represent a composite material. A digital image representation is used," in which each pixel is either matrix (white) or inclusion (gray). Instead of the usual rectangular lattice of square pixels, we use a triangular lattice of hexagonal pixels, which is also space-filling. Only the triangular lattice is elastically stable with nearest-neighbor central-force springs only.13 The circular inclusions are placed by randomly picking a pixel, and then centering a continuum circle of a desired diameter (the circles in Fig.  1 are 11 pixels in diameter) on this pixel. All pixels whose centers fall inside the boundaries of the continuum circle FIG. 1. A 42 x42 unit cell of a triangular lattice of hexagonal pixels, with 11 pixel diameter circular inclusions centered on pixels and randomly placed with periodic boundary conditions: gray=inclusion, white =matrix.
are turned gray and considered to be inclusion material. The pixel area of an 11 pixel diameter digital circle is 94.4, which differs from the continuum value of r( 1 1)2/4=95.0 by only -0.7%. Note that the area of each pixel is ( t) "2, in units where the pixel center-to-center distance is one. A 210~210 pixel unit cell was used to obtain most of the data reported in this article. The 11 pixel diameter circles were placed using periodic boundary conditions, as shown in Fig. 1 .
B. Elastic algorithm
After a composite image was generated, the image was mapped into a triangular network of springs, in a manner described in detail elsewhere.13 Briefly, the triangular lattice of hexagonal pixels can be divided into three triangular sublattices, designated as A, B, and C, such that there are no nearest-neighbor AA, BB, or CC pairs on the original lattice. Three different springs, (c&r), are used to connect the AB, BC, and AC pairs of nodes, respectively. A portion of one unit cell of the resulting spring network, inside a single phase, is shown in Fig. 2 . The three different style dashed lines represent the three kinds of springs, while the solid lines are the pixel boundaries and the three different sublattices are labelled A, B, and C. This subdivision is done to allow the Poisson's ratio to be varied between f and 1 [see Eq. (2) below]. In two dimensions, elastic stability requires that Poisson's ratio lie between -1 and + 1. A triangular net with just one kind of spring has a Poisson's ratio of f, because Cauchy's relation (C,, = C&) is obeyed in this particular case.14 In the composite material, a spring that crosses a pixel boundary between a matrix and an inclusion pixel is assigned a spring constant a= 
Once a spring network was set up, a stress in the x direction, corresponding to a strain of 10m3, was applied. The system was relaxed and the minimum elastic energy found with a conjugate gradient algorithm specialized for this problem. l5 The transverse dimension of the unit cell was allowed to relax as well, so that v could be directly computed from the new size of the unit cell, while E was obtained directly from the relaxed elastic energy.t3 Results were averaged over the x and y directions, to remove any finite-size anisotropy, over tensile and compressive strains, to remove any nonlinearities, and over ten different arrangements of matrix and inclusions, at every inclusion area fraction considered.
Work done on spring networks in recent years '"" has focused on the case in which the randomness is assigned at the individual bond level, not at the continuum phase level. Those stimulations should not then be thought of as solutions to continuum composite problems, but rather atomic or molecular level simulations. The present work is a continuum simulation since each pixel represents a macroscopic number of atoms, with pixels "clumped" together to represent a continuum phase.
Ill. EFFECTIVE MEDIUM THEORY
We make use of an effective medium theory that was derived by Thorpe and Sen2' for elliptical inclusions in 2-D, and is analogous to the 3-D EMT derived by Berryman." The EMT is based on an exact calculation of the effective elastic properties for one elliptical inclusion randomly oriented in the matrix. The effective elastic properties for general inclusion area fractions are then estimated in a self-consistent way. There are two versions of this EMT, an "asymmetric" one where matrix and inclusion are treated differently, and one where matrix and inclusion are treated completely "symmetrically."20 For elliptical inclusions, the two EMTs give different predictions, but for circular inclusions, they are identical. Equations (3)-( 6) summarize these EMTs for the case of only one kind of circular inclusion. The area fraction of the matrix is ci and the area fraction of the inclusions is c2= 1 -ci. Subscripts 1 and 2 stand for matrix and inclusion, respectively. Effective elastic moduli of the composite are unsubscripted, K is the bulk modulus, and p is the shear modulus:
The Young's modulus E and Poisson's ratio Y are readily obtained from K and ,U via:20
In the limit of small c2, the EMT gives the exact analytical solution, obtained by evaluating P2 and Q2 at K=K, and p =pt. For general inclusion and matrix area fractions, an exactly solvable cubic equation for p may be obtained, which is quite complicated. We instead solve Eqs. (3)- (6) numerically, by iteration.21 Equations (3)-( 6) have the following interesting symmetry. We write the bulk and shear moduli as K (Ki, K&i, ~~~, ci, c2) and ~(Kt,K2,~I,~2,~1,~2). Then it is simple to show that making the interchange 1-2 leaves the effective moduli invariant: ~WG,K~,ICL~,P.~,WI~ =K(KI,Kz,cLI,~Lz,c~,C~)~
PF~~~,K~,/.w.wz,c,) =cL(K~,K~,~~,~~,cI~CZ).
A similar relationship can be proved for E and v. This symmetry does not hold for the case of elliptical inclusions.
IV. TEST CASES
The elastic algorithm was previously checked for the case of a single circular hole, for which the effective moduli are known exactly.13 In that case, the effective Poisson's ratio obtained from the simulation agreed with the analytical result within computer round-off error, and, for circle diameters greater than or equal to 11 pixels, did not depend on the pixel resolution (number of pixels per unit length) with which the circular hole was represented. The , effective Young's modulus did, however, depend nonlinearly on hole resolution, and the accuracy of the initial slope computation for E( aE/ac, at c2 = 0) improved dramatically in going from 11 to 33 pixel diameter holes. For the present case of finite-stiffness circular inclusions, we find that at fixed resolution, the error in the initial slope of E decreases as the inclusion becomes much stiffer than the matrix. The error in the initial slope in Poisson's ratio (av/dc2 at c2=O) is about 5% for all four stiffness ratios investigated (0.5, 2.0, 0.1, and 10). The errors quoted above are for the initial slope. The error in E and v is much smaller, of course. Computing the initial slope is a much more stringent test of the simulation, as two small quantities, the change in a modulus and the change in inclusion area, must be divided.
Another test case for the simulation, for general inclusion and matrix area fractions, is when the matrix and inclusion phases have the same shear modulus. This case is exactly solvable22 for both E and v. It turns out that in two dimensions E and v are given exactly by a simple linear mixing rule,23 independent of phase geometry: E=c,E, +c2E2, and v=cIvl +c2v2. We have computed E and v for our circular inclusion model, where the spring constants for the matrix were (2.3 1, 2.31, 2.3 1) and for the inclusion were ( 1.0, 5.0, 10.1 ), for which the single phase shear moduli are equal to within 1 part in 10 000 (El =2.667, v, = f, E2 = 3.292, v2 = 0.6459) . Figures 3 and 4 show the results, along with the linear mixing formulae. The simulation results agree with the exact formulae at all area fractions to within 0.2% for E, and 0.6% for v. The results in Figs. 3 and 4 were obtained using a 348 X 348 pixel unit cell, and 33 pixel diameter circles. This higher resolution digital image was used to improve the agreement with the exact formulae, but even when using 11 pixel diameter circles in a 210X 210 pixel lattice, the numerical error was at most only 0.6% for E, and less than 2% for v. For this test case, tripling the resolution with which the circles were represented, from 11 pixel to 33 pixel diameters, decreased the maximum errors in E and v by roughly the same factor of 3.
V. EQUAL POISSON'S RATIO RESULTS
This section describes results obtained on composite systems with different Young's moduli, but the same Pois- son's ratio, for the matrix and inclusion phases, which is of more general interest than the equal shear moduli case. These systems were chosen in order to limit the parameter space to be explored, and also because for many composite materials, the Poisson's ratios of the matrix and inclusion phases are similar. 
The significance of Eq. ( 12) is indicated by the following example. If E2/El = 10, cl=0.3, and c,=O.7, the effective E, normalized by the inclusion Young's modulus E2, is the same as the effective E normalized by the matrix Young's modulus E, for the case where E2/E, = l/10, cl =0.7, and c2=0.3. The Poisson's ratio v obeys the same relationship, but without need of scaling, since if K and p are scaled by the same constant, v is unchanged according to Eq. (7). In the remaining results, the data are plotted versus c1 when the inclusion phase is less stiff than the matrix (E2 <El), and versus c2 when the inclusion phase is more stiff than the matrix ( E2 > E,). for two choices of EJE,, 0.5 and 2.0. For E,/E, =0.5, the data is plotted (circles) against c,, the matrix area fraction. For E2/EL =2.0, the data is plotted (squares) against c,, the inclusion area fraction.
outside the symbols used in the figure, and so are not shown.
Figures 7 and 8 show the effective Poisson's ratio results for yt = v,=O.606. The one standard deviation error bars are calculated for the ten different configurations used. Figure 7 is for E2/EI = 0.5 and 2.0, and shows a maximum dip of about 1% in the effective Poisson's ratio at c1 ~0.58. This is a small change in Y, but the EMT describes this small change quite accurately. Note that the effective value of Y is always less than the pure matrix and inclusion values. Figure 8 shows the results for E2/E1 = 0.1 and 10.0. Now the maximum dip in the effective Poisson's ratio is about the 10% level, and it occurs at ~~~0.65. Again the effective Poisson's ratio is always less than the pure phase values. It also appears that the magnitude of the dip in Y is controlled by the stiffness ratio EJE,, with the dip increasing as E2/E1 increases above one or decreases below one. As in Fig. 7 , the EMT describes the results well, and the for two choices of the ratio E/E,, 0.1 and 10.0. For E,/E, =O. 1, the data is plotted (circles) against ci, the matrix area fraction. For E,/E, = 10.0, the data is plotted (squares) against c2, the inclusion area fraction. 
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VI. POISSON'S RATIO FLOW DIAGRAMS
Figures 5-8 show that the EMT of Ref. 20 describes the simulation results well, which are essentially exact within numerical roundoff and finite resolution error. The elastic algorithm can only simulate isotropic materials with Poisson's ratios greater than or equal to f. This limitation can be seen by examining Eq. (2). The EMT, however, does not have this limitation, and so, having established its validity from the results for Poisson's ratios above f, we now use the EMT equations to describe how the effective v depends on vl, v2, and E*/E,, for all values of v1=v2.
Fist, it has already been seen that for v1 = v2 > f, v is always less than v1 and v2. When 21, =v2=$, v=v*=f for all values of cl, c2, and E2/E1, and is therefore defined as a jixed point of the EMT equations. It is then not hard to show that for v1 = v2 < Y*, v is always greater than v1 and V~ This behavior of the effective Poisson's ratio is true for any stiffness ratio E,/E,. The magnitude of the change in v, as a function of phase fraction, depends on E2/El, but the overall qualitative behavior of v as a function of phase fraction depends only on the value of v1 = v2. holes, or are infinitely stiff. Of course, a geometric percolation threshold exists, and is the same for any value of stiffness ratio E,/E,. For infinitely stiff inclusions, the percolation threshold for the inclusions is predicted by this EMT2' to be c2=$. The true geometric percolation threshold at c2=0.68 is quite close to this value.25 The effect of the existence of a percolation threshold on the Poisson's ratio curves can be seen, even for E2/E, =20, as it defines the region where the various curves pinch in towards the fixed point line. The effective Poisson's ratios of composites with v1 = v2 < Y* move up toward the fixed point line, while the effective Poisson's ratios of composites with vi = v2 > v* move down toward the fixed point line. Figure 10 shows a flow diagram for v as a function of c2, for the same four different matrix/inclusion Poisson's ratios as in Fig. 9 , but with E2/E, = 10 000. The effect of the percolation threshold is now much more pronounced, as all the effective Poisson's ratio curves come in close to the fixed point Y* = $ as c2 increases from 0 and approaches f. In the limit E2/E2 --t CO, the effective Young's modulus becomes infinite at c2= f, and all the effective Poisson's ratio curves meet at the fixed point.20 In the limit E2/ El -+O, the corresponding curves for v are again obtained from Fig. 10 by simply renaming the abscissa: c2+ci. This case was studied in Ref. 13 , where now all the EMT curves pinch in to vc= f as cl decreases from 1 and approaches 5.
For the case of randomly-centered circular inclusions studied here, Y* is the same as vet the critical value of the Poisson's ratio at percolation according to EMT, obtained when the inclusions are holes or are infinitely stiff. It is interesting that a parameter defined by a percolation problem, where one phase has zero moduli, also plays a key role in the behavior of the more general case where each phase in the composite has finite moduli. The self-consistent approach to deriving EMTs has been criticized in the past,'p21 since it predicts a percolation threshold in the cases when the inclusions are holes or are infinitely stiff, for any inclu- sion geometry. Of course, inclusions in real materials usually do not freely overlap, and so such a percolation threshold would not be observed, in general. It is quite possible, then, that the EMT used in this article is most useful for the case of overlapping inclusions, and would not give good predictions for more realistic geometries. Figure 11 shows the effective Young's modulus results for a test of this question, where vi = v2=0.606, and the stiffness ratio E,/E, is 10 and 0.1. In this case, the inclusions have been put down according to random "parking" rules,26 where each inclusion center is chosen at random, but with no overlap allowed between inclusions. Using the parking algorithm, a maximum value of c2 of about 0.55 can be obtained.26 We have only considered values of c2 up to 0.5. With the data plotting scheme used in Figs. 5-8, we can then examine the full EMT curve by using stiffness ratios that are inverses of each other (e.g., 0.1 and 10). The EMT prediction from Fig. 6 is also displayed for comparison. Figure 12 shows the effective Poisson's ratio results for the same cases, along with the EMT prediction from gions, is seen to hold. Two questions remain, which are a higher-order test of the EMT. Is the EMT value of the fixed point, Y*= i, exact, and is the fixed point really independent of the stiffness ratio E/E,? To try to answer these questions, we have run simulations right at y1 = vz =Y* = i, for different values of EJE,. results for two choices of the ratio E,/E,, 0.1 and 10.0. For E,/E, =O.l, the data is plotted against c,, the matrix area fraction. For E,/E, = 10.0, the data is plotted against c2, the inclusion area fraction. sults well enough, over a large range of E,/E,. On the other hand, these small differences might stimulate theoretical micromechanics researchers to investigate higher order corrections to EMT. Previously, this was not worth doing, as the available experimental data were not precise enough. Now, with the availability of these kinds of accurate simulations of the elastic properties of composites with carefully controlled microstructures, further work on higher order corrections to EMT may now be worthwhile. If one wishes to consider how the overall behavior of the effective Poisson's ratio changes when the inclusions are elliptical, this can be done by using the full EMT equations in Ref. 20 . We have considered elliptical inclusions with aspect ratio up to 10, and find that the basic picture is almost the same, except that v= i is no longer a fixed point, in both the asymmetric and symmetric versions of the EMT. Instead, there is a small range around v1=v2 = & in which the effective Poisson's ratio is S-shaped as a function of cl, going above and below the pure phase value. Above this range, v < v1 = v2, and below this range, v > v1 =vp
VIII. SUMMARY AND FUTURE WORK
We have shown that quantitatively accurate simulations of the effective elastic moduli of simple but nontrivial 2-D random composites can be carried out, and that the EMT of Ref. 20 accurately describes the results. The geometry of the inclusions was circular and randomly centered, so that inclusions could freely overlap. Other effective medium theories can now be tested against the simulation data for this system, for which all assumptions are known, and which has a carefully controlled microstructure. We have also found the rather surprising result that the effective elastic moduli at the same area fraction are almost the same for the cases of overlapping and nonoverlapping circular inclusions, implying a wider applicability of the EMT. We do not know if this result will hold for elliptical inclusions.
For the case of isotropic randomly centered circular inclusions embedded in an isotropic matrix, with the Poisson's ratio of matrix and inclusions equal, there are two distinct regions of behavior. For v1 = v2 > v*, the effective Poisson's ratio always decreases when matrix and inclusions are mixed. For v1 = v2 < v*, the effective Poisson's ratio always increases when matrix and inclusions are mixed. The value of this critical, or fixed point, Poisson's ratio may depend slightly on the stiffness ratio between matrix and inclusion, but in all cases studied it was found to be very close to the EMT result @=f.
Future work will include developing an elastic algorithm that can be applied to a 3-D simple cubic lattice of cubic pixels, in order to be able to compute the elastic properties of real materials by using quantitatively accurate digital-image-based models of the microstructure of cement-based and ceramic materials27-30 that are based on this lattice. That is the kind of problem for which elastic algorithms like the one presented in this paper is really most suited. Much can be done analytically in the cases of simply shaped inclusions and simple geometries. ' In real material microstructures, however, geometrically regular shapes like circles and ellipses are usually of little use in representing phase geometry. Rather, the microstructureelastic properties relationships for completely random, arbitrarily shaped three-dimensional structures must be handled, requiring the use of these kind of digital-image-based algorithms.
